Super finitely presented modules and Gorenstein projective modules by Wang, Fanggui et al.
ar
X
iv
:1
50
4.
02
83
2v
1 
 [m
ath
.A
C]
  1
1 A
pr
 20
15
Super finitely presented modules and Gorenstein projective modules
Fanggui Wang1, Lei Qiao2, and Hwankoo Kim3
1,2. College of Mathematics, Sichuan Normal University, Chengdu, Sichuan 610068, China
wangfg2004@163.com; qiaolei5@yeah.net
3. School of Computer and Information Engineering, Hoseo University, Asan 336-795, Korea
hkkim@hoseo.edu
Abstract Let R be a commutative ring. An R-module M is said to be super finitely presented if
there is an exact sequence of R-modules
· · · → Pn → · · · → P1 → P0 →M → 0
where each Pi is finitely generated projective. In this paper it is shown that if R has the property
(B) that every super finitely presented module has finite Gorenstein projective dimension, then
every finitely generated Gorenstein projective module is super finitely presented. As an application
of the notion of super finitely presented modules, we show that if R has the property (C) that
every super finitely presented module has finite projective dimension, then R is K0-regular, i.e.,
K0(R[x1, · · · , xn]) ∼= K0(R) for all n > 1.
Keywords: Gorenstein projective module, super finitely presented module, super finitely presented
dimension, Gorenstein super finitely presented dimension
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1. Introduction
Throughout this paper, R denotes a commutative ring with identity and all modules are unitary.
For any R-module M , pdRM and fdRM will denote the usual projective and flat dimensions of
M , respectively. The dual module HomR(M,R) of M is denoted by M
∗. We use gl.dim(R) and
w.gl.dim(R) to stand for the global dimension and the weak global dimension of R, respectively.
Let R be a Noetherian ring. Following Auslander and Bridger [1], a finitely generated R-module
M belongs to the G-class G(R), or is called a module of G-dimension zero, if and only if
(1) ExtmR (M,R) = 0 for all m > 0;
(2) ExtmR (M
∗, R) = 0 for all m > 0; and
(3) The double duality map µM :M →M
∗∗ is an isomorphism.
This notion had been generalized to an arbitrary rings by Enochs and Jenda in the literature
[11]. An R-moduleM is called Gorenstein projective (G-projective for short) if there exists an exact
sequence of projective R-modules
P := · · · → Pn → · · · → P1 → P0 → P
0 → P 1 → · · · → Pm → · · · (1.1)
such that M ∼= Im(P0 → P
0) and such that HomR(−, Q) leaves the sequence P exact whenever Q
is a projective R-module. The complex P is called a complete projective resolution. Enochs et al.
2[10] also introduced the notion of Gorenstein flat modules. Recall that an R-module M is called
Gorenstein flat (G-flat for short), if there exists an exact sequence of flat R-modules
F := · · · → Fn · · · → F1 → F0 → F
0 → F 1 → · · · → Fm → · · ·
such that M ∼= Im(F0 → F
0) and such that the functor I
⊗
R− leaves F exact whenever I is an
injective R-module. Moreover, the Gorenstein projective and flat dimensions of an R-moduleM are
defined in terms of Gorenstein projective and flat resolutions, respectively, and denoted by G-pdRM
and G-fdRM , respectively; see [18]. As in the literature [5], the Gorenstein global dimension of R is
G-gl.dim(R) = sup{G-pdRM |M is an R-module}.
It is well known that every finitely generated projective module is finitely presented. For an
integral domain R, Cartier in [8] (also see [29]) showed that every projective module of finite rank
is finitely generated. These lead to the following questions:
Question 1. Is every finitely generated G-projective module finitely presented?
Question 2. Is every G-projective module of finite rank over an integral domain finitely gener-
ated?
In order to investigate the two questions above, we use the notion of so-called super finitely
presented modules. Recall from [13] that an R-module M is said to be super finitely presented if it
admits a projective resolution
· · · → Pn → · · · → P1 → P0 →M → 0
such that each Pi is a finitely generated projective R-module. This notion has received attention in
several papers in the literature. It originated in Grothendieck’s notion of a pseudo-coherent module
[6]; in [7, 19], the authors used the term “(FP )∞-module” in the sense of a super finitely presented
module; in [16] it was said to admit an infinite finite presentation; and in [2], Bennis called it an
infinitely presented module. Using this notion we prove in Section 3 that if R has the property
(B) in the sense that every super finitely presented module has finite G-projective dimension, then
every finitely generated G-projective R-moduleM is super finitely presented andM∗ is G-projective
(Corollary 3.3); and that if R is a domain having the property (B), then everyG-projective R-module
M of finite rank is also super finitely presented andM∗ is G-projective (Corollary 3.7). Furthermore,
to give an example of a ring R that has the property (B) but is not coherent (see Example 4.6),
we introduce in Section 4 the notions of super finitely presented dimension and Gorenstein super
finitely presented dimension of a ring R (Definition 4.1).
Denote K0(R) the Grothendieck group of a ring R (the definition will be recalled in Section 5).
In algebraic K-theory, it is of interest to determine when a commutative ring R is K0-regular (see
[21]), that is, when K0(R[x1, · · · , xn]) is isomorphic to K0(R) for all n. For the case that R is
Noetherian, the well-known Grothendieck’s Theorem [21, Chapter II, Theorem 5.8] (also see [28,
Corollary 6.2]) states that if every finitely generated R-module has finite projective dimension, then
R is K0-regular. For the coherent case, the results of Quillen [23, 24] suggest that if R is stably
coherent (i.e., R[x1, . . . , xn] is coherent for all n > 0) and if every finitely presented R-module has
finite projective dimension, then R is K0-regular. Now, let us quote from [26, p. 323]: “There are
many results of a homological nature which may be generalized from Noetherian rings to coherent
3rings. In this process, finitely generated modules should in general be replaced by finitely presented
modules.” More generally, many results of a homological nature may be generalized from coherent
rings to arbitrary rings if we replace finitely presented modules by super finitely presented modules
(see [14] for a recent survey). In line with this point of view, it is also natural to ask the following
question:
Question 3. If every super finitely presented R-module has finite projective dimension, then is
R K0-regular?
To obtain an affirmative answer to Question 3, we consider the Grothendieck group S0(R) defined
from the family of super finitely presented R-modules. We solve in Section 5 this question by showing
that S0(R[x]) ∼= S0(R), and that if R has the property (C) in the sense that every super finitely
presented R-module has finite projective dimension, then S0(R) ∼= K0(R). The method used in this
section is somewhat similar to that of Swan [28].
Any undefined notions or notation is standard, as in [9, 12, 25].
2. On super finitely presented modules
It is clear that every super finitely presented R-module is finitely presented, but the inverse is not
true in general. In fact, it is easy to show that every finitely presented R-module is super finitely
presented if and only if R is a coherent ring. Therefore, there exists a finitely presented R-module
M that is not super finitely presented over any non-coherent ring R. It is well known that every
finitely generated projective R-module is super finitely presented.
Lemma 2.1. Let 0 → A → B → C → 0 be an exact sequence of R-modules. If any two of A, B,
C are super finitely presented, then so is the third one.
Proposition 2.2. Let u ∈ R be neither a zero divisor nor a unit and let M be a super finitely
presented R-module. If u is regular on M , that is, u is a non-zero-divisor of M , then M/uM is a
super finitely presented R/(u)-module.
Proof. Let · · · → Fn → · · · → F1 → F0 → M → 0 be an exact sequence, where all Fi are finitely
generated projective R-modules. Since u is regular on M , we have the following exact sequence
· · · → Fn/uFn → · · · → F1/uF1 → F0/uF0 →M/uM → 0.
Therefore, M/uM is a super finitely presented R/(u)-module. 
Proposition 2.3. Let u ∈ R be neither a zero divisor nor a unit. If M is a super finitely presented
R/(u)-module, then M is also a super finitely presented R-module.
Proof. Let · · · → En → · · · → E1 → E0 →M → 0 and 0→ A→ Q→M → 0 be exact sequences,
where all Ei are finitely generated projective R/(u)-modules and Q is a finitely generated projective
R-module. Set Mi = ker(Ei → Ei−1) for all i (write M = M−1, Q = Q−1, and A = A−1).
4Constitute the 3× 3 commutative diagrams for all i.
0

0

0

0 // Ai //

Pi

// Ai−1 //

0
0 // Qi

// Fi //

Qi−1

// 0
0 // Mi //

Ei //

Mi−1 //

0
0 0 0
where all Qi are finitely generated projective R-modules. Because each Mi is a finitely presented
R/(u)-module, Mi is a finitely presented R-module by [30, Theorem 5.1.5]. Since pdREi = 1, Pi is
finitely generated projective for all i. Hence we have the following exact sequence
· · · → Pn → · · · → P1 → P0 → A→ 0.
Consequently, A is a super finitely presented R-module. Therefore, M is also a super finitely
presented R-module by Lemma 2.1. 
Let M be an R-module. Then M
⊗
R R[x] is an R[x]-module which we write as M [x]. Thus,
elements of M [x] are of the form
n∑
i=0
mi ⊗ x
i, where i > 0 and mi ∈M . The proofs of the following
two propositions are easy, so we omit the proofs of them.
Proposition 2.4. Let R and T be rings, and ϕ : R→ T be a homomorphism. Suppose T is a flat
R-module. If M is a super finitely presented R-module, then T
⊗
RM is a super finitely presented
T -module. In particular, if M is a super finitely presented R-module, then the polynomial module
M [x] is a super finitely presented R[x]-module.
Proposition 2.5. Let R and T be rings, ϕ : R → T be a homomorphism, and T be a finitely
generated projective R-module. If M is a super finitely presented T -module, then M , as an R-
module, is super finitely presented.
Proposition 2.6. Let M be a finitely generated G-projective R-module. Then we have:
(1) There is an exact sequence of R-modules
0→M → P0 → P1 → · · · → Pm → · · · , (2.1)
in which each Pi is finitely generated projective, and each cosyzygy of (2.1) is a finitely generated
G-projective;
(2) M∗ is super finitely presented.
Proof. See [13, Lemma 2.3 and Corollary 2.4]. 
53. Finitely generated Gorenstein projective modules
Recall that an R-module X is called torsionless if the natural map µ : X → X∗∗ is monomorphic
and that X is called reflexive if µ is isomorphic. It is well-known that X is torsionless if and only
if X can be imbedded in a product of copies of R. Therefore, all submodules of a free module are
torsionless.
Lemma 3.1. Let 0 → M → P0 → C → 0 be an exact sequence, where P0 is finitely generated
projective, and M and C are G-projective. Then we have:
(1) M and M∗ are reflexive.
(2) ExtiR(M
∗, R) = 0 for all i > 0.
Proof. (1) Since C is G-projective, we have the exact sequence 0→ C∗ → P ∗0 →M
∗ → 0. Taking
duality again we obtain the following commutative diagram with exact rows:
0 // M //
µM

P0 //
∼=

C //
µC

0
0 // M∗∗ // P ∗∗0 // C
∗∗ // Ext1R(M
∗, R) // 0
where µX : X → X
∗∗ is the natural homomorphism for X =M,C. Since M and C are torsionless,
we have that µM is isomorphic by Five Lemma. Thus M is reflexive. Taking the duality we have
that M∗ is also reflexive.
(2) From the commutative diagram above we have also that µC is isomorphic by the same
argument. Consequently, Ext1R(M
∗, R) = 0. Since C is finitely generated G-projective, we have by
applying Proposition 2.6(1) on C the following exact sequence
0→M → P0 → P1 → · · · → Pn → · · · , (3.1)
where all Pi are finitely generated projective. Hence we obtain the exact sequence
· · · → P ∗n → · · · → P
∗
1 → P
∗
0 →M
∗ → 0. (3.2)
Let Ci be the i-th cosyzygy (C0 = C) of (3.1). Then C
∗
i is the i-th syzygy of (3.2). Thus we have
by applying the argument above that Ci is reflexive and Ext
1
R(C
∗
i , R) = 0. Consequently, we have
ExtiR(M
∗, R) = 0 for all i > 0. 
For convenience we say that all kernels of arrows in the exact sequence (1.1) are syzygies.
Theorem 3.2. Let M be a finitely generated G-projective R-module. If G-pdRM
∗ < ∞, then M
is super finitely presented and M∗ is G-projective.
Proof. Let 0→ A→ P →M → 0 be an exact sequence, where P is a finitely generated projective
R-module and A is a G-projective R-module. Then 0→M∗ → P ∗ → A∗ → 0 is an exact sequence
and A∗ is reflexive by Lemma 3.1. Now we let G-pdRM
∗ 6 n + 1 < ∞ by hypothesis. Then, by
Proposition 2.6(2), there is an exact sequence
0→ X → Fn → · · · → F1 → F0 → P
∗ → A∗ → 0
6in which all Fi are finitely generated projective and X is finitely generated G-projective. By Propo-
sition 2.6(1), there exists an exact sequence
0→ X → Qn → · · · → Q1 → Q0 → Q→ N → 0,
such that Q and all Qi are finitely generated projective modules and N is finitely generated G-
projective. Because all Im(Qi → Qi−1) and all Im(Q0 → Q) are G-projective, we have the following
commutative diagram with exact rows:
0 // X // Qn

// · · · // Q1

// Q0

// Q //

N

// 0
0 // X // Fn // · · · // F1 // F0 // P
∗ // A∗ // 0
Thus we obtain the following exact sequence
0→ Qn → Qn−1
⊕
Fn → · · · → Q0
⊕
F1 → Q
⊕
F0 → N
⊕
P ∗ → A∗ → 0. (3.3)
Let Yi be the i-th syzygy (Yn+1 = Qn) of exact sequence (3.3). By Lemma 3.1, Ext
1
R(Yi, R)
∼=
Exti+1R (A
∗, R) = 0. Since A∗ and all Yi are super finitely presented, we have Ext
1
R(A
∗, F ) = 0 and
Ext1R(Yi, F ) = 0 for any projective module F . Since 0→ Qn → Qn−1
⊕
Fn → Yn → 0 is exact, and
Ext1R(Yn, Qn) = 0, we have that this sequence is splitting, whence Yn is projective. By repeating
this process we obtain that Yn−1, · · · , Y1, Y0 are projective. Now we consider the exact sequence
0→ Y0 → N
⊕
P ∗ → A∗ → 0. We have also that this sequence is splitting, whence we have
(Y0)
∗
⊕
A = (Y0)
∗
⊕
A∗∗ ∼= N∗
⊕
P .
Because N is a finitely generated G-projective, N∗ is finitely generated by Proposition 2.6. Thus A
is finitely generated. Therefore, M is finitely presented.
From the exact sequence 0 → M∗ → P ∗ → A∗ → 0, we have G-pdRA
∗ 6 G-pdRM
∗ + 1 < ∞.
By the same argument we have that A is finitely presented. Continuing this process we can obtain
that M is super finitely presented.
Since M is super finitely presented, M has a complete projective resolution (1.1) in which all Pi
and P j are finitely generated projective. Thus we have the exact sequence
· · · → (Pm)∗ → · · · (P 1)∗ → (P 0)∗ → (P0)
∗ → (P1)
∗ → · · · → (Pn)
∗ → · · · (3.4)
in which M∗ ∼= Im((P 0)∗ → (P0)
∗). Let X be any syzygy of (1.1). Then X is super finitely
generated G-projective and X∗ is a syzygy of (3.4). By Lemma 3.1, Ext1R(X
∗, R) = 0, and whence
Ext1R(X
∗, Q) = 0 for any projective module Q because X∗ is super finitely presented by Proposition
2.6. Therefore, M∗ is G-projective. 
To determine rings for which every finitely generated G-projective module is finitely presented,
we say that a ring R has the property (B) if every super finitely presented R-module has finite
G-projective dimension. Certainly, if G-gl.dim(R) <∞, then R has the property (B). By Theorem
3.2, we have the following corollaries.
Corollary 3.3. Let R have the property (B) and let M be a finitely generated G-projective R-
module. Then M is super finitely presented and M∗ is G-projective.
7Corollary 3.4. If G-gl.dim(R) < ∞, then every finitely generated G-projective R-module M is
super finitely presented and M∗ is G-projective.
Now we investigate Question 2. Let R be an integral domain with quotient field K. The rank
of an R-module M is defined by rank(M) = dimK(K
⊗
RM). It is well-known that M is a torsion
module if and only if rank(M) = 0.
Lemma 3.5. Let R be an integral domain with quotient field K andM be a G-projective R-module
of finite rank. Then there exists an exact sequence 0 → M → P → C → 0 such that P is finitely
generated free and C is G-projective.
Proof. Since M is G-projective, there is an exact sequence 0 → M
ϕ
→ F → N → 0 in which F is
projective and N is G-projective. Without loss of generality we assume that F is free with a basis
{ei | i ∈ Γ}. Clearly, M is torsion-free. Let rank(M) = n. Suppose x1, · · · , xn ∈ M is a basis of
K
⊗
RM over K. Thus there exists a finite subset {e1, · · · , em} such that
ϕ(xk) =
m∑
j=1
akjej , akj ∈ R, k = 1, 2, · · · , n.
Set P =
m⊕
j=1
Rej and F1 =
⊕
i6=1,··· ,m
Rei. Then F = P
⊕
F1, P is finitely generated free, and F1 is
free.
If x ∈M , then we have ϕ(x) =
∑
i∈Γ
riei, ri ∈ R, where ϕ has finite support. Set x =
b1
s x1 + · · ·+
bn
s xn, for bk, s ∈ R with s 6= 0. Hence we get
ϕ(sx) =
∑
i∈Γ
sriei =
n∑
k=1
m∑
j=1
akjbkej .
Consequently, if i ∈ Γ with i 6= 1, · · · ,m, then ri = 0. Hence ϕ(M) ⊆ P . Set C = P/ϕ(M). Thus
0→M → P → C → 0 is exact and we can get the following commutative diagram with exact rows
0 // M // P

// C

// 0
0 // M // F // N // 0
Consequently, 0 → C → N → F1 → 0 is exact by Snake Lemma, and hence have N ∼= F1
⊕
C.
Therefore, C is G-projective. 
Theorem 3.6. Let R be an integral domain and let M be a G-projective R-module of finite rank.
If G-pdRM
∗ <∞, then M is super finitely presented and M∗ is G-projective.
Proof. By Lemma 3.5 we have an exact sequence 0 → M → P → C → 0, where P is finitely
generated projective and C is finitely generated G-projective. Since G-pdRM
∗ < ∞, we have
G-pdRC
∗ <∞. By Theorem 3.2, C is super finitely presented. HenceM is super finitely generated.
By using Theorem 3.2 again, M∗ is G-projective. 
Corollary 3.7. If R is an integral domain having the property (B), then every G-projective R-
module M of finite rank is super finitely presented and M∗ is G-projective.
8Corollary 3.8. If R is an integral domain with G-gl.dim(R) < ∞, then every G-projective R-
module M of finite rank is super finitely presented and M∗ is G-projective.
In [2] Bennis proved that a super finitely generated module M is G-projective if and only if M
is G-flat. Thus we have the following corollaries.
Corollary 3.9. If R has the property (B), then every finitely generated G-projective R-module is
G-flat.
Corollary 3.10. If G-gl.dim(R) <∞, then every finitely generated G-projective module is G-flat.
In [3] it is proved that if M is an R-module, then G-pdR[x]M [x] 6 G-pdRM ; and if all projective
R[X ]-modules have finite injective dimension, then G-pdR[x]M [x] = G-pdRM . In fact, this equality
is true under any case.
Lemma 3.11. Let M be an R-module. Then G-pdR[x]M [x] = G-pdRM . Moreover, an R-module
M is G-projective if and only if M [x] is a G-projective R[x]-module.
Proof. By [3, Lemma 2.5], we have G-pdR[x]M [x] 6 G-pdRM . So the equality holds for the case
G-pdR[x]M [x] =∞.
Now suppose that G-pdR[x]M [x] 6 n < ∞. Let 0 → Fn → · · · → F1 → F0 → M [x] → 0 be an
exact sequence, where F0, . . . , Fn−1 are free R[x]-modules. Thus Fn is a G-projective R[x]-module.
Note that x is regular on F0, . . . , Fn and on M [x]. Hence we get the following exact sequence
0→ Fn/xFn → · · · → F1/xF1 → F0/xF0 →M → 0. (3.5)
By [5, Theorem 3.1], every Fi/xFi is a G-projective R-module. Hence the sequence (3.5) is a
G-projective resolution of M as an R-module. Thus G-pdRM 6 n. Therefore, G-pdR[x]M [x] =
G-pdRM . 
The following lemma is [31, Lemma 1]. But the article reference is in Chinese, so we include a
proof for the convenience of the reader.
Lemma 3.12. Given a commutative diagram in the category of all R-modules with exact rows,
0 // A
  //
 _

B
f
//
 _

C //
h

0
0 // A1
  // B1
g
// C1 // 0,
where each “→֒” is an inclusion. Then A = A1
⋂
B if and only if h is a monomorphism.
Proof. Suppose that h is a monomorphism. For each y ∈ A1
⋂
B, we have g(y) = hf(y) = 0, and so
f(y) = 0, i.e., y ∈ A. It follows that A = A1
⋂
B. Conversely, let A = A1
⋂
B, and let h(z) = 0 for
some z ∈ C. Since f is epimorphic, there is a y ∈ B with f(y) = z. Thus, g(y) = hf(x) = h(z) = 0,
and so y ∈ A1
⋂
B = A. Hence, z = f(y) = 0. This proves that h is a monomorphism. 
Now we show that the property (B) is stable under polynomial ring extensions.
9Lemma 3.13. Let 0→M → F [x]→ N → 0 be an exact sequence over R[x], where F is a finitely
generated free R-module and N is a super finitely presented submodule of a free R[x]-module. Then
there is an exact R[x]-sequence
0 −→ A[x] −→ B[x] −→M −→ 0 (3.6)
in which A and B are super finitely presented R-modules.
Proof. Note that M is a super finitely presented R[x]-module. Let {z1, · · · , zs} be a generating
set of M and set Fk = F + Fx + · · · + Fx
k−1 for all k > 1. Then each Fk are finitely generated
free R-module. Write B = M
⋂
Fk. Then we have the following commutative diagram with exact
R-rows:
0 // B //

Fk
pi
//

Fk/B //
α

0
0 // M // F [x] // N // 0
where the homomorphism α comes from diagram chasing. By Lemma 3.12, α is a monomorphism.
Set T = R[x]/(xk). Because N is a submodule of a free R[x]-module, xk is regular on N , whence
we have the following exact T -sequence
0 −→M/xkM −→ F [x]/xkF [x] −→ N/xkN −→ 0.
Consequently, we have the following commutative diagram with exact rows:
0 // B //
β

Fk //
∼=

Fk/B //
γ

0
0 // M/xkM // F [x]/xkF [x] // N/xkN // 0
Note that the middle vertical arrow is R-isomorphic. Thus the composition homomorphism β : B →
M →M/xkM is an R-monomorphism.
Take a sufficient large k such that z1, · · · , zs ∈ B. For such a k we have that β is an R-
epimorphism, and hence β is an R-isomorphism. Therefore, γ is also an R-isomorphism. By
Proposition 2.2, M/xkM is a super finitely presented T -module. By Proposition 2.5, M/xkM
is a super finitely presented R-module. Therefore, B is a super finitely presented R-module.
Set A =M
⋂
Fk−1. Then A ⊆ B. Since A = {u ∈M |xu ∈ B}, we can define ψ : B[x]→M by
ψ(
n∑
i=0
bi ⊗ x
i) =
n∑
i=0
xibi, bi ∈ B.
Then ψ is an R[x]-homomorphism. Since z1, · · · , zs ∈ B, we have ψ is an epimorphism.
Define ϕ : A[x]→ B[x] by
ϕ(
n∑
i=0
ai ⊗ x
i) =
n∑
i=0
ai ⊗ x
i+1 −
n∑
i=0
(xai)⊗ x
i, ai ∈ A.
Then ϕ is also an R[x]-homomorphism. It is routine to show that 0 −→ A[x]
ϕ
−→ B[x]
ψ
−→M → 0
is an exact sequence over R[x]. By Proposition 2.4, B[x] is a super finitely presented R[x]-module.
By Lemma 2.1, A[x] is a super finitely presented R[x]-module. Thus A is a super finitely presented
R-module by Proposition 2.2. 
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Theorem 3.14. If R has the property (B), then so does the polynomial ring R[x].
Proof. Let N be a super finitely presented R[x]-module. Then there is an exact R[x]-sequence
0→M → F [x]
g
→ N → 0, where F is a finitely generated free R-module and M is a super finitely
presented R[x]-module. Note that G-pdR[x]N < ∞ if and only if G-pdR[x]M < ∞. Replacing N
with M we can assume without loss of generality that N is a submodule of some finitely generated
free R[x]-module. By Lemma 3.13 we have an exact sequence 0 → A[x] → B[x] → M → 0,
where A and B are super finitely presented R-modules. Since G-pdRA <∞ and G-pdRB <∞ by
hypothesis, we have that G-pdR[x]A[x] <∞ and G-pdR[x]B[x] <∞ by Lemma 3.11. By [4, Lemma
2.4], G-pdR[x]M <∞, and hence G-pdR[x]N <∞. Therefore, R[x] has the property (B). 
4. The super homological dimensions of a ring
To exhibit an example of a ring having the property (B) that is not coherent, we are in the position to
define the the super finitely presented dimension and Gorenstein super finitely presented dimension
of a ring R.
Definition 4.1. For a ring R, its super finitely presented dimension is defined by
s.gl.dim(R) = sup{pdRM |M is a super finitely presented R-module},
and its Gorenstein super finitely presented dimension is defined by
G-s.gl.dim(R) = sup{G-pdRM |M is a super finitely presented R-module}.
Clearly, we have G-s.gl.dim(R) 6 s.gl.dim(R), and if s.gl.dim(R) < ∞, then G-s.gl.dim(R) =
s.gl.dim(R) by [18, Proposition 2.27]. Moreover, s.gl.dim(R) 6 gl.dim(R) and G-s.gl.dim(R) 6
G-gl.dim(R). If R is a coherent ring, then s.gl.dim(R) = w.gl.dim(R).
Certainly, if G-s.gl.dim(R) <∞, then R has the property (B).
In [5], the weak Gorenstein global dimension of a ring R, denoted by w.G-gl.dim(R), is defined
as w.G-gl.dim(R) = sup{G-fdR(M)|M is an R-module}.
Proposition 4.2. For any ring R, we have:
(1) s.gl.dim(R) 6 w.gl.dim(R).
(2) G-s.gl.dim(R) 6 w.G-gl.dim(R).
Proof. (1) It is easy from the fact that finitely presented flat modules are projective.
(2) It follows directly from the result of Bennis [2] that super finitely presented G-flat modules
are G-projective. 
Proposition 4.3. Let u ∈ R be a non-zero-divisor and nonunit element.
(1) If s.gl.dim(R/(u)) <∞, then s.gl.dim(R/(u)) + 1 6 s.gl.dim(R).
(2) G-s.gl.dim(R/(u)) + 1 6 G-s.gl.dim(R). Therefore, If G-s.gl.dim(R) = n < ∞, then
G-s.gl.dim(R/(u)) 6 n− 1.
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Proof. (1) Let s.gl.dim(R/(u)) = n. Then there is a super finitely presented R/(u)-moduleM with
pdR/(u)M = n. Thus pdRM = n+ 1 by [20, Theorem 3, Part III]. It implies s.gl.dim(R/(u)) + 1 6
s.gl.dim(R).
(2) Let M be a super finitely presented R/(u)-module. Then M is a super finitely presented
R-module by Proposition 2.3. By [4, Theorem 4.1], G-pdR/(u)M + 1 = G-pdRM 6 G-s.gl.dim(R).

Lemma 4.4. Let R be a domain. If R/(u) is coherent for any nonzero and nonunit u ∈ R, then R
is coherent.
Proof. Let I be a finitely generated proper ideal of R. Take u ∈ I with u 6= 0. Since R/(u) is
coherent, I/(u) is finitely presented over R/(u). Hence I/(u) is finitely presented over R by [30,
Theorem 5.1.5] (or by Proposition 2.3). Since 0 → (u) → I → I/(u) → 0 is exact, I is finitely
presented. Consequently, R is coherent. 
Lemma 4.5. Let R be a ring and let a ∈ R such that a 6= 0 and a2 = 0. Set I = (a). If
ann(I) = I, then I is super finitely presented and pdRI = ∞. Therefore, s.gl.dim(R) = ∞, and
hence w.gl.dim(R) =∞.
Proof. Because ann(I) = I, the sequence 0→ I → R→ I → 0 is exact. Thus the sequence
· · · → R→ R→ · · · → R→ R→ I → 0
is exact and all syzygies of this sequence are I. Therefore, I is super finitely presented, and pdRI <
∞ if and only if I is projective. Hence we are done by showing that I is not projective.
Since I is projective if and only if Im is free for every maximal ideal m of R, we assume without
loss of generality that R is local. If I is projective, then I is free and a must be a basis of I, but
this will contradict the fact a2 = 0. 
Example 4.6. Now we exhibit a ring having the property (B) that is not coherent and w.gl.dim(R) =
∞. In [27] Soublin gave a ring S that is coherent with w.gl.dim(S) = 2, but S[x] is not coherent.
By Alfonsi’s Reduction Theorem(see [17, Theorem 7.2.6]), there is a maximal ideal m of S such that
Sm[x] is not coherent. Thus Sm is a GCD domain by [17, Corollary 6.2.10]. Set D = Sm[x]. Then
D is not coherent with w.gl.dim(D) = 3. By Lemma 4.4, there is a nonzero and nonunit u ∈ D
such that D/(u) is not coherent. Set R = D/(u2). By [17, Theorem 4.1.1(1)], R is not coherent.
By Proposition 4.3, G-s.gl.dim(R) 6 2. Hence R has the property (B).
Write a = u and I = (a). We claim that ann(I) = I. Obviously, a 6= 0 and a2 = 0. Hence,
I ⊆ ann(I). On the other hand, let r ∈ R with ra = 0 and denote r = d for some d ∈ D.
Then du ∈ (u2). Thus, d ∈ (u), and so r ∈ (a) = I. Therefore, ann(I) = I. By Lemma 4.5,
w.gl.dim(R) =∞.
5. On K0-regularity of rings
In this section, we give an affirmative answer to Question 3 mentioned in Introduction. We follow
the clue of the so-called “Grothendieck construction” which can be found in [22].
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For an R-module M in a given family CR of R-modules, let (M) denote the isomorphism class
of M . Let G be the free abelian group on the basis {(M) : M ∈ CR}, and let H be the subgroup
generated by all elements of G of the form (M)− (M1)− (M2) whenever
0→M1 →M →M2 → 0 (5.1)
is an exact sequence in CR. Then the Grothendieck group of CR, denoted by K0(CR), is defined
as the quotient group G/H . For M ∈ CR, the image of (M) in K0(CR) will be denoted by [M ]
(or, if necessary, [M ]CR). Hence, whenever we have an exact sequence (5.1) in CR, the relation
[M ] = [M1] + [M2] holds in K0(CR). Moreover, it is easy to see that the group K0(R) satisfies the
so-called “universal property”, which can be described as follows. Let (L,+) be any abelian group
and let f : CR → L be a map such that
(1) for M ∈ CR, the image f(M) depends only on the isomorphism class of M ;
(2) for each exact sequence (5.1) in CR, we have f(M) = f(M1) + f(M2).
Then there exists a unique group homomorphism h : K0(CR)→ L such that h([M ]) = f(M) for all
M ∈ CR.
Remark 5.1. (1) Let PR be the family of all finitely generated projective R-modules, it is
well-known that the Grothendieck group of PR is denoted simply by K0(R), which is called the
Grothendieck group of R. As we mentioned in Introduction, a commutative ring R is called K0-
regular if K0(R[x1, · · · , xn]) is isomorphic to K0(R) for all n.
(2) If CR is the family of all finitely generated R-modules, then the Grothendieck group of CR is
denoted by G0(R), see [28].
(3) If CR is the family of all finitely presented R-modules, then the Grothendieck group of CR is
denoted by K0(Modfp(R)), see [15].
(4) For our purpose, we use SR to denote the family of all super finitely presented R-modules
and use S0(R) to denote the Grothendieck group of SR.
For convenience, we say that a ring R has the property (C) if every super finitely presented
R-module has finite projective dimension. Obviously, if s.gl.dim(R) <∞, then R has the property
(C). Also, by Proposition 4.2, every ring with finite weak global dimension has the property (C).
Note that PR ⊆ SR. Hence it is obvious that the inclusion of PR into SR induces a group
homomorphism θR : K0(R) → S0(R) by defining θR([M ]) = [M ] for all M ∈ PR. Note that θR is
not a monomorphism in general. But we have the following:
Proposition 5.2. If R has the property (C), then the natural group homomorphism θR : K0(R)→
S0(R) is an isomorphism.
Proof. Let M ∈ SR. Then M admits a finite projective resolution 0 → Pn → · · · → P1 →
P0 → M → 0, where Pi ∈ PR. Define f : SR → K0(R) by f(M) =
n∑
i=0
(−1)i[Pi]. Then by the
generalized Schanuel Lemma (cf.[25, Exercise 3.37]), we see that f is a well-defined map. And if
0→M1 →M →M2 → 0 is an exact sequence in SR, then, by the Horseshoe Lemma (cf.[25, Lemma
6.20]), we have f(M) = f(M1)+f(M2). Therefore, f induces a homomorphism ν : S0(R)→ K0(R)
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such that ν([M ]) = f(M) =
n∑
i=0
(−1)i[Pi] for M ∈ SR. It is routine to check that νθR = 1K0(R) and
θRν = 1S0(R), which implies that θR is an isomorphism. 
Let ϕ : R → T be a ring homomorphism such that T as an R-module is flat. Define f : SR →
S0(T ) by f(M) = [T
⊗
RM ] for M ∈ SR. If 0 → M
′ → M → M ′′ → 0 is an exact sequence
in SR, then 0 → T
⊗
RM
′ → T
⊗
RM → T
⊗
RM
′′ → 0 is an exact sequence in ST . Thus,
f(M) = f(M ′)+f(M ′′), and so there exists a unique group homomorphism S0(ϕ) : S0(R)→ S0(T )
such that S0(ϕ)([M ]) = [T
⊗
RM ], for all M ∈ SR.
In particular, the inclusion map λ : R→ R[x] induces the group homomorphism S0(λ) : S0(R)→
S0(R[x]) by S0(λ)([M ]) = [M [x]], for all M ∈ SR.
Let T be a ring and let u ∈ T be neither a zero-divisor nor a unit. Write T = T/(u). For
M ∈ ST , there is an exact sequence 0→ A→ P →M → 0, where P is finitely generated free over
T and A ∈ ST . Set N = N/uN for a T -module N . Thus Proposition 2.2 gives A,P ∈ ST . Define
g : ST → S0(T ) by g(M) = [P ]− [A].
Lemma 5.3. Assume T and g are as above. Then g determines a group homomorphism gpi from
S0(T ) to S0(T ).
Proof. First, we claim that g is a well-defined map. Indeed, if 0 → B → Q → M → 0 is another
exact sequence over T , where Q is finitely generated free and B ∈ ST , then by Schanuel’s Lemma,
0 → A → P
⊕
B → Q → 0 is an exact sequence in ST . Since u is regular on Q,B, P,A, the
sequence 0 → A → P
⊕
B → Q → 0 is exact in ST . Then [P
⊕
B] = [A] + [Q] in S0(T ), i.e.,
[P ] − [A] = [Q] − [B]. Moreover, if 0 → M1 → M → M2 → 0 is an exact sequence in ST , then we
can construct a commutative 3× 3 diagram with exact columns and rows:
0

0

0

0 // A1

// A

// A2

// 0
0 // P1

// P

// P2

// 0
0 // M1

// M

// M2

// 0
0 0 0
where P, P1, P2 are finitely generated free T -modules and A,A1, A2 ∈ ST . Also, since u is regular
on P, P1, P2, the sequence 0→ P1 → P → P2 → 0 is exact in ST , and so [P ] = [P1] + [P2] in S0(T ).
Similarly, [A] = [A1] + [A2] in S0(R). Thus
g(M1) + g(M2) = [P1]− [A1] + [P2]− [A2] = [P ]− [A] = g(M).
Therefore, there exists a unique group homomorphism gpi : S0(T )→ S0(T ) with gpi([M ]) = g(M) =
[P ]− [A] for all M ∈ ST . 
Remark 5.4. In the proof of Lemma 5.3, we see that if u is regular on M , then gpi([M ]) = [M ].
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The next result plays an important role in the proof of our main theorem in this section.
Theorem 5.5. For any ring R, S0(λ) : S0(R)→ S0(R[x]) is an isomorphism.
Proof. If N ∈ SR[x], then there is an exact sequence of R[x]-modules 0 → K → F [x] → N → 0,
where F is a finitely generated free R-module and K ∈ SR[x]. Thus gpi([N ]) = [F ]− [K/xK], where
gpi : S0(R[x])→ S0(R) is the homomorphism given in Lemma 5.3 for the case T = R[x] and u = x.
It is routine to verify that gpiS0(λ) = 1S0(R), and so S0(λ) is a monomorphism. To complete the
proof, we need only show that S0(λ) is an epimorphism. For N ∈ SR[x], there are exact sequences
of R[x]-modules 0 → N0 → P [x] → N → 0 and 0 → N1 → F [x] → N0 → 0, where P and F are
finitely generated free R-modules and N0, N1 ∈ SR[x]. Thus, Lemma 3.13 says that there exists an
exact sequence 0 → A[x] → B[x] → N1 → 0 in SR[x], where A,B ∈ SR. Therefore in S0(R[x]), we
have
[N ] = [P [x]]− [N0] = [P [x]]− [F [x]] + [N1] = [P [x]]− [F [x]] + [B[x]]− [A[x]].
Therefore, [N ] = S0(λ)([P ] − [F ] + [B]− [A]), which implies that S0(λ) is epimorphic. 
Our next result shows that the property (C) is also preserved under polynomial extensions.
Proposition 5.6. If R has the property (C), then so does R[x].
Proof. The proof of this proposition is similar to that given in Theorem 3.14. 
From the above results we get the following main theorem in this section.
Theorem 5.7. If R has the property (C), then R is K0-regular.
Proof. It suffices, by induction, to show that the functorial map K0(λ) : K0(R) → K0(R[x]) is
an isomorphism. But this follows immediately from Proposition 5.6, Proposition 5.2, Theorem 5.5,
and the following commutative diagram:
K0(R)
θR

K0(λ)
// K0(R[x])
θR[x]

S0(R)
S0(λ)
// S0(R[x]).

Corollary 5.8. If s.gl.dim(R) <∞, then R is K0-regular.
Corollary 5.9. If w.gl.dim(R) <∞, then R is K0-regular.
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